Static solutions with a bulk dilaton are derived in the context of six dimensional warped compactification. In the string frame, exponentially decreasing warp factors are identified with critical points of the low energy β-functions truncated at a given order in the string tension corrections. The stability of the critical points is discussed in the case of the first string tension correction. The singularity properties of the obtained solutions are analyzed and illustrative numerical examples are provided.
scheme with higher derivative gravity and dilaton field has been investigated. In [18] the simultaneous presence of higher dimensional hedgehogs and of higher derivatives gravity theories has been discussed in a seven-dimensional space-time.
The purpose of the present investigation is to is to analyze the solutions of the metric (1.1) in the context of the string effective action [19, 20] with and without higher derivatives corrections [21, 22] (see also [23, 24] ). The tree-level solutions together with their singularity properties will be preliminary analyzed. These solutions are "Kasner-like" and they are the static analog of their time-dependent counterpart which is often discussed in cosmological solutions [25] . Motivated by the occurrence of curvature singularities at tree-level string tension corrections will then be included in the action and the corresponding β-functions will be studied.
In the present context exponentially decreasing warp factors correspond to critical points of the β functions computed at a given order in the string tension. Define, in fact, H = ∂ ρ (ln σ) and F = ∂ ρ (ln γ). By critical points we then mean those (stable or unstable) solutions for which H and F are simultaneously constant and negative. The critical points of the system correspond to a static dilaton fields which either increases or decreases (linearly) for large ρ.
The critical points are not always stable. If the initial conditions of the dilaton and of the warp factors are given around a given critical point (say for ρ = ρ 0 ) it can happen that for larger ρ the compatibility with the β-functions will drive the solution away from the (original) critical point. In this case singularity may also be developed.
The present analysis is not meant to be exhaustive and suffers of two obvious limitations.
In order to make an explicit calculation the effects of the first string tension correction has been studied. This is just an example since, when singularities are developed, all the string tension corrections should be included. The second point to be emphasized is that possible corrections in the dilaton coupling have also been neglected. This might be justified in some regimes of the solutions but it is not justified in more general terms. With these two warnings in mind the reported results should be understood more as possible indications than as a firm conclusion.
The plan of the present investigation is then the following. In Section II the tree-level solution of the low energy string effective action will be studied. In Section III the first string tension correction will be included and the corresponding equations of motion will be derived. In Section IV the critical points of the obtained dynamical system will be analyzed.
In Section V the stability of the critical points will be scrutinized and some numerical examples will be presented. Section VI contains some concluding remarks. In the Appendix useful technical results are reported.
II. TREE-LEVEL SOLUTIONS
If the curvature of the background is sufficiently small in units of the string length 2 (denoted by λ s ) the massless modes of the string are weakly coupled and the dynamics can be described by the string effective action in six dimensions [19, 20] 
where φ is the dilaton field, λ s = √ α ′ (α ′ being the string tension). Eq. (2.1) is written in the string frame where the string scale is constant and the Planck scale depends upon the value of the dilaton coupling, i.e. g(φ) = e φ/2 . If the dilaton coupling is constant the the string frame coincides with Einstein frame. If, as in the present case, φ = φ(ρ) the two frames are equivalent up to a conformal transformation. In the present paper the string frame will be used. In Eq. (2.1) the minimal field content (i.e. graviton and dilaton) has been assumed together with a bulk cosmological constant Λ. The effective action (2.1) is derived by requiring that the usual string scattering amplitudes are correctly reproduced to the lowest order in α ′ . The requirement that the equations of motion derived from Eq.
(2.1) are satisfied in the metric (1.1) is equivalent to the requirement that the background is conformally invariant to the lowest order in α ′ . 2 In the discussion string units (i.e. λ s = 1) will be often used.
The equations of motion derived from the action of Eq. (2.1) can be written as
By now using the metric of Eq. (1.1) the explicit form of the (a, a) and (θ, θ) components of Eq. (2.3) will be 3
whereas the explicit form of the of Eq. (2.2) will be
Notice that Eq. (2.2) has been multiplied by a factor two and Eq. (2.3) has been multiplied by a factor of four in order to get rid of rational coefficients. In deriving Eqs. (2.4)-(2. 6) it has been assumed that, in Eq.
where η a b is the Minkowski metric. Eqs.
(2.4)-(2.6) admit exact solutions whose explicit form can be written as:
The exponents α and β satisfy the condition 4α 2 + β 2 = 1. Eqs. (2.7)-(2.9) lead to a physical singularity for ρ → ρ 0 . All curvature invariants associated with the metric (1.1) for the specific solution given in Eqs. (2.7)-(2.9) diverge for ρ → ρ 0 (see Appendix A for the details). If α = β the Weyl invariant vanishes but the other invariants are still singular.
If Λ → 0, Eqs. (2.4)-(2.6) are solved by
provided 4α 2 + β 2 = 1. Eqs. (2.7)-(2.9) and (2.10)-(2.12) are Kasner-like 4 solutions whose time-dependent analog has been widely exploited in the context of string cosmological solutions [25] .
In the case of Λ < 0 this system of equation has a further non trivial solution which is given by H, F and φ ′ all constant. In this case the solution of the previous system of equations is given by
In the particular case where σ(ρ) ∝ γ(ρ) ( i.e. H = F ), the solution is H = − −4Λ/5. As we will discuss in Section IV this solution is not always stable.
The presence of curvature singularities in the tree-level solutions obtained in Eqs. (2.7)-(2.9) and (2.10)-(2.11) suggests that there are physical regimes where the curvature of the geometry will approach the string curvature scale. In this situation higher order (curvature) corrections may play a role in stabilizing the solution and should be considered. The following part of this investigation will then deal with the inclusion of the first α ′ correction. This analysis is of course not conclusive per se since also higher orders in α ′ should be considered as it has been argued in Section I. 4 For truly Kasner solutions the sum of the exponents (and of their squares) has to equal one.
In the present case only the sum of the squares is constrained and this is the reason why these solutions are often named "Kasner-like".
III. FIRST ORDER α ′ CORRECTIONS
Consider now the first α ′ correction to the action S (0) presented in Eq. (2.1). The full action is, in this case [21] 
where ǫ = kα ′ /4 and the constant k takes different values depending upon the specific theory ( k = 1 for the bosonic theory, k = 1/2 for the heterotic theory). The fields appearing in the action can be redefined (preserving the perturbative string amplitudes) [21, 23] . In order to discuss actual solutions it is useful to perform a field redefinition (keeping the σ model parameterization of the action) that eliminates terms with higher than second derivatives from the effective equations of motion [21, 22] (see also [23, 24] ). In six dimensions the field redefinition can be written as
where n (the number of transverse dimensions) is equal to 2 in the case of the present analysis. Dropping the bar in the redefined fields the action reads :
is the Euler-Gauss-Bonnet invariant (which coincides, in four space-time dimensions, with the Euler invariant 5 ). The equations of motion can be easily derived by varying the action with respect to the metric and with respect to the dilaton field (see Appendix B for details).
The result is that
In the limit ǫ → 0 the equations derived in Section II are recovered. Eqs. (3.5)-(3.7) can be studied in order to investigate two separate issues. The first one is the existence of critical points leading to exponentially decreasing warp factors. The second issue would be to analyze the stability of these critical points. Indeed, in the solutions given in Eqs. (2.7)-(2.9) a singularity is developed. This result is based, however, on the tree-level action. If the first α ′ correction is included this feature might change. Moreover, if Λ = 0 there are no warped solutions at tree-level. These solutions might emerge, however, when α ′ corrections are included. For instance, the "Kasner-like" branch of the solution might be analytically connected to a "warped" regime where H and F are both constant and negative. These questions will be the subject of the following Section.
IV. DYNAMICAL SYSTEM AND CRITICAL POINTS
Defining
Eqs. (3.5)-(3.7) can be written as
The p are
whereas the q are
and finally the w are
Eqs. (4.2)-(4.4) can be analyzed both analytically and numerically. Interesting analytical conclusions can be obtained, for instance, in the case x(ρ) = y(ρ). In the remaining part of the present Section the stability of the system will be analyzed. Physical (i.e. curvature) singularities will be investigated. The logic will be, in short, the following. The critical points will be firstly studied analytically. Indeed, it happens that, in spite of the apparent complications of the system, there are limits in which analytical expressions can be given.
Numerical examples will be given for the other cases which are not solvable analytically.
The examples studied in the present Session will be exploited in Section V for some explicit numerical solutions.
The critical points of the system derived in Eqs. (4.2)-(4.4) are defined to be the one for which [28] x
The critical points interesting for warped compactifications are the ones for which x(ρ) and y(ρ) are not only constant but also negative. These points lead, for large ρ, to exponentially decreasing warp factors in the six-dimensional metric.
In the case of Eq. (4.8) the solution of the system reduces to a system of three algebraic equations in the unknowns (x, y, z). The three equations of the system are simply given by the conditions p 0 (ρ) = 0, q 0 (ρ) = 0, w 0 (ρ) = 0, (4.9) namely,
By summing up, respectively, Eqs. (4.10) and (4.11) with Eq. (4.12) the following two algebraic relations are obtained:
A third algebraic relations is obtained by subtracting Eq. (4.11) from Eq. (4.10):
If x = y Eqs. (4.10)-(4.12) are solved provided
and an explicit solution corresponding to the critical points of the system (4.10)-(4.12) can then be written as
where γ 0 and φ 0 are integration constants and where
is obtained from the real roots of the algebraic equation appearing in Eq. 
By inserting this ansatz back into Eqs. (4.10)-(4.12) the same equation for x is obtained from all three equations of the system, namely, 6 The numerical roots reported in the present session are not just illustrative. They will be exploited in the numerical solutions discussed in the following Sessions. 
and
Notice that the If Λ = 0, from Eq. (4.16) ρ 1 becomes purely imaginary. If Λ < 0 and if ρ 1 has to be real there are two relevant critical points, namely
where, for convenience, Λ = −Λ − (with Λ − > 0). In order to have a warped compactification scheme, ρ 1 < 0 and, therefore, only one critical point satisfies this requirement.
If, as a warm-up, ǫ → 0 a critical point of the system is indeed given by Eq. (2.13) . The tree-level critical point is not stable. Indeed, in the case ǫ = 0 Eqs. (5.1) can be written as
where
The partial derivatives of f
matrix whose entries should be evaluated in the critical points, corresponding, in the present case, to z = (5/2)x, x = − 4Λ − /5. The eigenvalues of this matrix are simply given by δ 1, 2 = ∓ 5Λ − /4. Therefore, the tree-level critical point is an unstable node since the eigenvalues are both real and with opposite signs (i.e. δ 1 δ 2 < 0).
Suppose now to turn on the first α ′ correction. Then ǫ = 0. In this case the tree-level discussion can be repeated. If ǫ = 0 the dynamical system will now become [always in the case x(ρ) = y(ρ)]
where now, from eq. (5.1)
In analogy with the previous case the matrix of the derivatives can be constructed. The two eigenvalues of such a matrix are complex conjugate numbers of the form
where k = Λ − ǫ and the subscripts 1 and 2 correspond, respectively, to the plus and minus signs. The expressions are quite cumbersome so that they are reported in the Appendix C.
In order to determine the stability of the system the sign of µ(k) is crucial. It turns out, Thus, for Λ − ǫ > 0.65 there is an unstable spiral point whereas for Λ − ǫ < 0.65 there is a stable spiral point [28] .
In closing this session an interesting solution can be mentioned. In the case Λ = 0 and z = 0 (constant dilaton case) the relevant equations can be written as :
The critical point of the system can be obtained also in this case and it corresponds to x c = y c = − 2/(3 ǫ). The system can then be written in its canonical form, namely, (4.21).
If the initial conditions are not given in the Kasner-like regime but in the vicinity of a critical point there are various possibilities. It can happen that the system is driven (smoothly) towards another critical point or it can happen that a singularity is reached.
Suppose that the initial conditions for the numerical integration of the system of Eq. numerical integration leads to a divergence for large ρ. In this specific case, the singularity occurs around ρ ∼ 6. Again, the proof of this statement can be given by direct numerical integration whose results are reported in Fig. 5 . Numerical examples concerning the case x = y will now be given. The specific values of ǫ and Λ are just meant to illustrate some interesting features of the solutions. As a general remark we could say that in the case x = y singularities seem to be more likely. This statement is only based on a scan of the numerical solutions for different values of Λ and ǫ.
Suppose that ǫ = 0.1. Thus, from the examples of Fig. (1) , Λ needs to be sufficiently negative in order to produce real (negative) roots in Eq. In order to describe the qualitative behavior of the system the value of ǫ can be changed. In this case the results of the numerical integration are reported in Fig. 8 . Also in this example a physical singularity is developed at finite value of ρ.
VI. CONCLUDING REMARKS
The effects of the dilaton and of higher order curvature terms are usually neglected in the context of six dimensional warped compactification. This is certainly a consistent assumption which can be, however, relaxed. Six-dimensional warped compactification has been then analyzed in the context of the low energy string effective action. Tree-level solutions have been derived. First order α ′ corrections have been also included.
The tree-level solutions exhibit a Kasner-like branch whose generic property in the occur- In the case H = F the situation is mathematically more complicated. By giving initial conditions of the system near a critical point singularities seem to be developed. Numerical evidence of this behavior has been presented by studying the singularity properties of the curvature invariants.
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APPENDIX A: CURVATURE INVARIANTS
In order to scrutinize the singularity properties of the six-dimensional metric discussed in the present investigation the quadratic curvature invariants should be properly discussed.
The curvature invariants computed from Eq. (1.1) can be written as
The Recalling now that H = ∂ ρ ln σ and that F = ∂ ρ ln γ we can perform, separately, the variation with respect to φ, σ and γ. The variation with respect to φ gives whereas the variation with respect to σ and γ gives 
